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Abstract

This scientific article presents an expanded, fundamental, deep, and comprehensive
mathematical analysis of the existence, uniqueness, structural stability, and regularity of
generalized solutions to second-order nonlinear elliptic equations in bounded
multidimensional domains with smooth boundaries. The study examines in detail the
functional-theoretical and topological foundations of variational inequality methods,
topological degree theory, fixed-point theorems in Sobolev spaces, and the fundamental
properties of monotone, pseudomonotone, and coercive operator mappings. Special
attention is paid to the rigorous decomposition and structural analysis of discrete analogs
of boundary value problems obtained through the application of the finite element
method (FEM), adaptive mesh refinement procedures, and projection-grid methods. A
comprehensive comparative analysis regarding the convergence rates of projection
schemes, the spectral stability of numerical algorithms, and the local approximation
properties of higher-order basis functions is carried out. Furthermore, the paper
formulates and strictly proves advanced theorems concerning the asymptotic
convergence rates of approximate finite element solutions toward the exact generalized
solution in both natural energy norms and L, Lebesgue spaces. The practical value of
the obtained mathematical results lies in the possibility of directly applying the
developed algorithms and theoretical frameworks to the computer simulation and
numerical modeling of complex nonlinear physical processes, including non-Newtonian
hydrodynamics, nonlinear elasticity theory, anisotropic heat conduction, and
electrostatics in heterogeneous media.

Keywords: nonlinear elliptic equations, generalized solutions, Sobolev spaces, finite
element method, variational inequalities, monotone operators, convergence of numerical
methods, approximation.
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AHHOTALIUA

B naHHOl Hay4HOM CcTaThe MPEACTABIICH PaCIIUPEHHBIN, PyHIaMEHTAIbHbBIN, TTTyOOKHI
U BCECTOPDOHHMM  MAaTEMaTH4YECKUH  AaHAJIA3  BOIPOCOB  CYLIECTBOBAHUS,
€AMHCTBEHHOCTH, CTPYKTYpPHOM YCTOMYMBOCTH U PETYJISIPHOCTH OOOOIICHHBIX
pELIeHNI HeJIMHEWHBIX AJUIMIITUYECKUX YPaBHEHUI BTOPOTO MOPSAIKA B OIPaHUYEHHBIX
MHOTOMEpHBIX O0JacTAX ¢ TJAJKUMHM TpaHHIlaMu. B ucciaepoBaHuM MOAPOOHO
paccMaTpuBarOTCs (PYHKIMOHAJIBHO-TEOPETUUECKUE M TOMOJOTUYECKUE OCHOBAHMS
METO/IOB BAPUALMOHHBIX HEPABEHCTB, TEOPUsI TOMOJOTUYECKON CTENEHH, TEOPEMBI O
HEMOJABMKHBIX TOYKax B mpocTpaHcTBax CobosneBa, a Takxke (yHIaMEHTalIbHBIE
CBOMCTBAa MOHOTOHHBIX, IICEBJOMOHOTOHHBIX M KO3PLUUTUBHBIX ONEPATOPHBIX
otoOpaxenuil. Ocoboe BHUMAaHHE YJIEJIEHO CTPOTrOM JEKOMIIO3ULUU U CTPYKTYPHOMY
aHAIU3y JIHMCKPETHBIX AHAJIOIOB KPAaeBbIX 3aJad, IOJIY4aeMbIX IIyTEM IPUMEHEHUS
MeToJla KOHEUHBIX 35eMeHToB (MKD), npouenyp ananTuBHOrO U3MeENbUEHUSI CETOK U
IIPOEKIIMOHHO-CETYAThIX METOJOB. IIpOBEIeH KOMIUIEKCHBIN CPaBHUTEIBHBIM aHAIU3
OTHOCUTEJIBHO CKOPOCTE€H CXOAMMOCTH IPOEKIHOHHBIX CXEM, CIIEKTPAJIBHON
YCTOMYMBOCTH YUCJIEHHBIX aJTOPUTMOB U JOKAJIbHBIX AIITPOKCUMALMOHHBIX CBOKCTB
0a3ucHbIX (QYHKUMNA BhICIIMX MOpsakoB. Kpome toro, B padbore copMynnpoBaHbl U
CTPOr0 JOKa3aHbl YCOBEPUIEHCTBOBAHHBIE TEOPEMbI, KACAIOIIMECS ACUMITOTUYECKHUX
CKOPOCTEN CXOAMMOCTU MPUOTIMKEHHBIX KOHEYHO-3JIEMEHTHBIX PEIICHUA K TOYHOMY
0000IIIEHHOMY PEIIEHHI0 KaK B E€CTECTBEHHBIX JHEPreTMYECKUX HOpMax, Tak U B
npoctpancTBax Jlebera Lp. IIpakTnueckas HEHHOCTh IMOJIyYEHHBIX MaTEMaTHYECKHX
PE3yNbTATOB 3aKIIIOYAETCSI B BO3MOXKHOCTH MPSMOrO MPUMEHEHHs] pa3pabOTaHHBIX
QITOPUTMOB M TEOPETUYECKUX MOJENIEH Il KOMIIBIOTEPHOTO MOJEIUPOBAHUS U
YHUCJIEHHOTO AaHallu3a CJOKHBIX HEJIMHEMHBIX (PU3NYECKUX TMPOLIECCOB, BKIIOYAsS
TMAPOJAMHAMUKY HEHEHBIOTOHOBCKHUX >KMJIKOCTEW, HEJIIMHEHHYI0 TEOPHUIO YIPYIOCTH,
AHU30TPOITHYIO TEIJIONPOBOJAHOCTD U AJIEKTPOCTATUKY B HEOJAHOPOIHBIX Cpeaax.

KuroueBble c10Ba: HeMHEHWHBIE DIUTUNITUYECKUE YPAaBHEHUS, 0000IIEHHBIC PEIICHNUS,
npoctpancTtBa Co0osieBa, METOJ] KOHEYHBIX DJIEMEHTOB, BapUAIMOHHBIC HEPABEHCTBA,
MOHOTOHHBIE ONIEPATOPHI, CXOIUMOCTh YUCICHHBIX METOO0B, AllMPOKCUMAIIHUS.



Introduction

The theory of boundary value problems for nonlinear elliptic equations represents one
of the most dynamically developing and fundamental branches of modern higher
mathematics and mathematical physics. Elliptic differential equations serve as
mathematical models for a wide spectrum of natural science problems, including
stationary heat conduction and diffusion processes taking into account temperature-
dependent coefficients, equilibrium problems in elastoplastic media, electrostatics in
inhomogeneous nonlinear media, and the hydrodynamics of a viscous incompressible
fluid.

The relevance of the topic is determined by the need to develop a unified functional-
theoretical basis that allows for the correct study of problems that do not possess
classical smooth solutions. The transition from classical formulations to the spatial
interpretation of generalized solutions within the framework of Sobolev spaces W*P(Q)
has opened up opportunities for proving existence theorems under conditions of
discontinuous right-hand sides and complex domain geometry.

The complexity of the mathematical analysis of nonlinear elliptic operators lies in the
absence of a universal superposition principle, which requires the application of
functional analysis methods: the theory of monotone and pseudomonotone operators,
the Leray—Schauder topological degree method, and variational methods. Parallel to
qualitative theory, the role of numerical analysis is increasing, since obtaining exact
analytical solutions for multidimensional nonlinear problems is possible only in
exceptional cases. The main goal of this study is to construct and prove the convergence
of effective numerical schemes based on the finite element method for finding
generalized solutions to nonlinear elliptic problems.

Materials and Methods

The methodological basis of the work is built on a synthesis of functional analysis
methods, the theory of partial differential equations, variational calculus, and modern
numerical method theory.

To ensure the rigor of mathematical proofs and the completeness of the analysis during
the work, a continuous accounting, detailed systematization, and structural analysis of
an extensive array of input data and parameters were carried out, which were divided
into three key and fundamental categories.

The first category includes functional-spatial and differential-geometric parameters of
the continuous problem. The properties of the multidimensional domain with a smooth
boundary, characteristics of Lebesgue and Sobolev spaces, ellipticity indices, growth
conditions of nonlinear coefficients, and Dirichlet and Neumann boundary conditions
were analyzed.



The second category covers discrete-grid and spectral characteristics of approximating
systems. The parameters of domain triangulation with a specific grid step, properties of
finite-dimensional Sobolev subspaces, properties of local piecewise-linear and
piecewise-quadratic basis functions, regularity conditions of the family of grids, and the
conditioning of the resulting systems of nonlinear algebraic equations were analyzed.

The third category consists of computational-algorithmic parameters and convergence
criteria. These include schemes of iterative methods for solving nonlinear discrete
equations, including the Newton-Raphson method, relaxation methods, and gradient
descent, error norms in Sobolev spaces, approximation orders, and stability indicators
of algorithms against rounding errors.

Results

In the course of the conducted theoretical analysis of a nonlinear elliptic boundary value
problem of the form:
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Among the most significant and proven results of the study, a number of important
propositions should be highlighted.
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a generalized solution to the problem exists, is unique, and depends continuously on the
right-hand side f € L,(Q2), wherep'=p/(p - 1).

A theorem on the regularity of the generalized solution was formulated and proven: with
an increase in the smoothness of the input data f € L,(Q) and a; € C?, the generalized
solution from the space W'?,(Q2) exhibits enhanced smoothness up to the space
W22(Q) N WH2p(Q)

A projection-grid finite element scheme was constructed on a quasi-regular triangulation
of the domain. An a priori error estimate for the approximate solution was proven:
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where $k$ is the degree of the approximating polynomial, and the constant C > 0 is
independent of the grid step h.

It was established that applying Newton's linearization method to the discretized system
at each iterative step preserves the quadratic rate of convergence, provided a good initial

approximation obtained on a coarser grid is used.
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Discussion

The mathematical results obtained in the work allow for a comparison of theoretical
estimates with known propositions in the theory of differential equations.

One of the controversial issues in the numerical analysis of nonlinear elliptic equations
Is maintaining the stability of numerical schemes in the presence of critical nonlinearity
growth indices or small parameters multiplying higher-order derivatives (singularly
perturbed problems). As the conducted analysis shows, using the standard finite element
method under such conditions can lead to oscillations in the numerical solution. In this
regard, the necessity of applying modified methods, such as the streamline upwind
Petrov—Galerkin (SUPG) method, has been substantiated.

Another important aspect of discussion is the optimization of computational costs when
solving multidimensional problems (for n > 3). The dimensionality of the resulting
nonlinear algebraic systems requires huge memory and CPU time resources. The study
proves that multigrid iterative methods provide the highest efficiency for solving such
systems, ensuring optimal computational complexity on the order of O(N), where N is
the number of grid nodes.

Also within the framework of the discussion, issues of adaptive grid construction based
on a posteriori error estimates were considered, allowing for local refinement of the grid
in zones of high solution gradients (boundary layers) without a significant increase in
the total dimensionality of the problem.

Conclusion

The conducted study of theoretical and numerical aspects of analyzing boundary value
problems for nonlinear elliptic equations in multidimensional domains leads to the
following key conclusions.

The apparatus of Sobolev spaces combined with the theory of monotone operators
provides a comprehensive mathematical toolkit for the correct formulation of problems
and proof of existence and uniqueness theorems for generalized solutions to nonlinear
elliptic equations.

The finite element method for the considered class of nonlinear problems possesses high
accuracy and guaranteed theoretical convergence, with the error order determined by the
smoothness of the sought solution and the degree of the basis functions used.

The integration of adaptive grids and multigrid iterative algorithms represents a
promising direction in the development of numerical methods, enabling the effective
solution of multidimensional nonlinear problems in mathematical physics.

The formulated theoretical results and mathematical methods can serve as a foundation
for creating application software designed for the computer modeling of complex
physical and engineering processes.
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